Abstract. It is well known that the viscosity of fluids could vary by several orders of magnitude with pressure. This fact is not usually taken into account in many important applications involving the flow of fluids through a porous media, like the problems of enhanced oil recovery or carbon dioxide sequestration where very high pressure differentials are involved. Another important technical problem where such high pressure differentials are involved is that of extracting unconventional oil deposits such as shale which is becoming ever so important now. In this study, we show that the traditional approach that ignores the variation of the viscosity and drag with the pressure greatly over-predicts the mass flux taking place through the porous structure. While taking the pressure dependence of viscosity and drag leads to a ceiling flux, the traditional approaches lead to a continued increase in the flux with the pressure difference. In this study, we consider a generalization of the classical Brinkman equation that takes the dependence of the viscosity and the Drag coefficient on pressure. To our knowledge, this is the first study to carry out such an analysis.
Introduction
Darcy's equation [1] is the most popular mathematical model to describe the flow of fluids through a porous solid due to an applied pressure gradient. Darcy's equation, which is commonly referred to as "Darcy's law" is an approximation that is valid only if numerous assumptions are met (See Munaf et al [2] , Rajagopal [3] ). Far from being a "law" with universal or for that matter wide ranging applicability, the classical Darcy's equation, which is an approximation to the balance of linear momentum is reasonable only if (1) The solid is a rigid porous body whose balance of linear momentum can be ignored. The stresses developed in the rigid solid body being that which is necessary to meet the balance of linear momentum.
(2) The pore structure in the solid is uniform and hence there is no inhomogeneity in the pore structure.
(3) The flow is sufficiently slow so that the inertial effects in the fluid can be neglected.
(4) The frictional effects in the fluid due to the viscosity of the fluid can be neglected.
D R A F T (5)
The only interaction between the solid and the fluid is due to the friction at the pores and is proportional to the relative velocity between the solid and the fluid.
(6) The flow is steady.
(7) The fluid is incompressible. (8) The pressure range that the fluid is subject to does not lead to changes in the viscosity of the fluid.
(9) The partial stress in the fluid is that in an Euler fluid.
In this paper, we are interested in the flow of a fluid through a porous solid when assumptions (4), (8) and (9) do not hold. Such flows have relevance to several problems in petroleum and geotechnical engineering, for example problems such as enhanced oil recovery and carbon di-oxide sequestration where the range of pressure that the fluid is subject to is very large. In some of the problems, more than one fluid is involved such as steam and oil in enhanced oil recovery. However before embarking on the study of such problems, it is necessary to study the problem of a single fluid flowing through a porous solid. When assumption (4) alone does not hold, we obtain the equations developed by Brinkman [4, 5] .
That the viscosity of the fluid can depend on pressure is very well established. The history of the early experimental results concerning the same can be found in the book by Bridgman [6] on the physics of high pressure. Stokes [7] was aware of the viscosity of the fluid depending on the pressure and as early as 1893 Barus [8] suggested an exponential dependence of the viscosity on the pressure based on his experimental investigations. Bridgman [6] in his book cites a personal communication from Andrade that provides a relationship of the viscosity to the temperature, density and pressure 1 (see also the discussion in [10] ). There has been a great deal of experimental data since Bridgman's book that document the variation of viscosity with pressure (see [11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22] ). In most liquids, while the variation in the viscosity can be of the order of 10 8 (see Bair and Kottke [21] ), the variation of the density due to variation in the pressure is of the order of a few percent (see Dowson and Higginson [23] , Rajagopal [24] ), and thus it would be reasonable to assume that the liquid is incompressible while the visocity varies with the pressure. The variation of the viscosity with the pressure implies that the "Drag coefficient that appears in the equations governing the flow of a liquid through a porous solid will depend on the pressure.
In this study, while we assume that the viscosity and "Drag coefficient" depend on the pressure, we assume that the other assumptions mentioned above hold. This leads to a generalization of the Brinkman equation with the viscosity and the "Drag coefficient" depending upon the pressure.
1 Despite our attempts to locate the paper by Andrade wherein that formula is given, we have been unable to do so. The reference to Andrade [9] that Bridgman provides does not contain the formula mentioned.
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Recently, Nakshatrala and Rajagopal [25] studied the generalization of Darcy's equation when the "Drag coefficient" depends on the pressure.
As we mentioned earlier, Barus [8] suggested an exponential dependence of the viscosity on the pressure, i.e.,
where µ 0 and β are constants , with µ 0 having the dimension of viscosity and β the dimension that is the inverse of that of the pressure. The expression (1.1) would lead to a "Drag coefficient" α(p)
of the form
where α 0 is a constant with dimension of ML −3 T −1 .
Using a semi-inverse approach, Kannan and Rajagopal [26] studied the flow of a fluid through a porous inclined slab. They considered a variety of forms for the dependence of viscosity and the "Drag coefficient" including the exponential dependence given in (1.1), (1.2). We shall not get into a detailed discussion of their results, suffice it is to say the solutions exhibited markedly Recently, Nakshatrala and Rajagopal [25] were able to study numerically the problem corresponding to the generalization of Darcy's equation, when the "Drag coefficient" depends exponentially on the pressure as given in (1.2). They were able to find solutions to the partial differential equation governing the flow using a mixed finite element method. They showed that the results they obtain are different from the solution to the classical Darcy's equation. Assuming that the "Drag coefficient" is a bounded function of the pressure in the generalized Darcy's equation, Girault et al [27] guaranteed the well-posedness of the system together with the convergence of a finite element method. When the dependence on the pressure is exponential (as in (1.2) , the authors propose an interesting splitting algorithm, observed numerically to be robust in the parameter range tested.
The generalization of the Brinkman equation considered here (viscosity and "Drag coefficient"
given by (1.1) and (1.2) respectively), no theoretical convergence results are available. While we are unable to obtain a numerical solution of the governing equations for large values of the non-dimensionalized pressure-viscosity coefficient "β" that appears in the viscosity-pressure relation (1.1) , we are however able to obtain solutions to the problem when the non-dimensionalized pressure-viscosity coefficientβ is small. Fortunately, for the class of incompressible fluids (like mineral oil for instance) that we are interested in, the non-dimensionalized pressure-viscosity coefficient β is indeed small (see Section 4 for details).
It is worth noting that the viscosity data for various pressures have been obtained from experiments where the applied pressure is positive, i.e., the applied normal stress is compressive. When the pressure is sufficiently low cavitation can occur, leading to the formation of cavities or bubbles in the flow field. Cavitation is the phenomenon that occurs at sufficiently low pressure, when the pressure of the fluid at the location becomes less than the vapor pressure of the liquid at that temperature at the location in question. Cavitation occurs in the flows of fluids through pumps, bearings and adjacent to rotating propellers amongst other flows. The "Drag" due to the motion of a solid in a cavitating fluid is not well understood and more importantly there is no measurement of the viscosity of fluids in such a state. In view of this, we shall adopt a procedure that is followed in lubrication and assume that when the pressure becomes negative the viscosity corresponds to that for zero pressure (see Szeri [28] for a detailed discussion of the manner in which cavitation is handled within the context of obtaining numerical solutions in elastohydrodynamics wherein very high pressures are involved). For the fluids considered here, we shall assume that the variation of viscosity and "Drag coefficient" is negligible when the pressure is negative and that both the viscosity and "Drag coefficient" are a continuous function of the pressure. Furthermore, the numerical method used requires that the function be differentiable. In Appendix A the viscosity and "Drag coefficients" are chosen to be a particular smooth function of the pressure which satisfies all our hypotheses.
When β = 0, the problem reduces to that considered by Brinkman, namely the viscosity being constant.
When the viscosity and "Drag coefficient" is given by (1.1) and (1.2) respectively, we find that the volumetric flux due to the pressure gradient is distinctively and characteristically different.
While the classical Brinkman equation predicts a linear relationship between the volumetric flux and the pressure gradient as the pressure gradient increases, the model employed in the study predicts a ceiling flux as the pressure gradient increases. One would expect such a relationship as one cannot push through more than a certain quantity of fluid. In fact, increasing the pressure gradient significantly will lead to the flow becoming turbulent with the possibility of back flow, leading in fact to the diminishing of the volumetric flux at very high pressure gradient. As is to be expected, we also find that as the pressure difference between the inlet and the outlet increases, the region wherein the component of the velocity is close to a constant decreases, that is, the effect of the no-slip velocity boundary condition is more pronounced when the pressure gradient causing the flow is larger. We also find that the component of the velocity in the direction normal to the gradient (see Figure 1 ) increases when the pressure gradient increases.
The organization of the paper is as follows: In Section 2 we introduce the problem and record the governing equations and the boundary conditions. In Section 3, we derive the non-dimensional D R A F T equations that govern the flow, and this is followed by Section 4 where we discuss the numerical solution to the problem on hand and make some concluding remarks. Some suggestions for future work are summarized in Section 5 and a brief description of the finite element scheme used for the computational resolution of the problem is given in Appendix A.
Governing equations
The equations governing the flow of a fluid through a porous solid can be derived systematically within the context of the theory of mixtures (see Truesdell [29, 30] , Atkin and Craine [31, 32] , Bowen [33] , Rajagopal and Tao [34] ). We shall not derive the equation from scratch, here, we refer the reader to Rajagopal [3] where a derivation is provided. The assumption that the viscosity of the fluid depends on the pressure and that the frictional effects in the fluid are not ignored implies that the Cauchy stress T in the fluid is given by
where −p1 is the indeterminate part of the stress due to the constraint of incompressibility, v is the velocity of the fluid, µ(p) is the pressure dependent viscosity and D denotes the symmetric part of the velocity gradient, i.e.,
The balance of linear momentum for the fluid, on neglecting body forces, is given by
where I is the interaction between the solid and the fluid, namely the frictional resistance at the pores of the solid on the fluid that is flowing.
In general, there could be various other interaction mechanisms: drag, virtual mass effect, Magnus effect, Basset forces, Faxen forces, density gradient effects, temperature gradient effects, etc.
We shall assume that the only interaction mechanism is that due to drag and that I is given by
Since we shall be interested in slow flow, inertial effects in (2.3) are neglected. Also, since we shall assume that the fluid is incompressible, the velocity field has to satisfy the constraint that We shall be interested in the flow in a slab 2 due to the applied tractions on the surfaces AB and CD, that is,
where n AB and n CD denote the outward unit normals on the surface AB and CD (see Figure 1 ).
It is important to recognize that the traction boundary conditions not only take into account the appropriate pressure, they also take into account the appropriate components of the velocity gradient. In addition to the above boundary conditions on the surface AB and CD, we assume that on the surface BC and AD, the fluid satisfies the no-slip boundary condition, i.e.,
Thus we need to solve (2.6) subject to the boundary conditions (2.7) and (2.8).
It must be remembered that classical solutions are not possible even in the case of linear partial differential equations unless the boundary data satisfy certain compatibility conditions (see [36] ).
2 A similar problem was studied by Subramanian and Rajagopal [35] . However a semi-inverse method was employed in that study which simplified the problem to a unidirectional flow across the slab. Here, we solve the system of partial differential equations that allows for flow along the direction of the pressure gradient as well as normal to it.
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Such is the case in the present work, for the chosen values of the applied traction on AB and CD lead to an incompatibility at the corners. This leads to sharp gradients and concomitant numerical difficulties in solving the discretized system of non-linear algebraic equations and the incompatibility of the boundary conditions leads to singularity at the boundary that leads to the spike in the pressure that is observed in the numerical solution that we have obtained.
It is worth observing that when the viscosity and the "Drag coefficient" are independent of the pressure, we recover the classical Brinkman equation. If the frictional effects within the fluid are ignored, we obtain the equations considered by Nakshatrala and Rajagopal [25] , which is the generalization of Darcy's equation for a pressure dependent "Drag coefficient" . Equation (2.6) can be generalized to
which is the generalization of (2.6) to include a Forchheimer like term (see Forchheimer [37] ). A generalization of the Brinkman model to describe power law fluids has been considered in [38] and [39] .
Non-dimensional equations
In order to carry out a systematic study we shall appropriately non-dimensionalize the governing equations. Let us suppose that the surface CD is exposed to the atmosphere so that the pressure (the mean normal stress) is the atmospheric pressure p 0 . We introduce the following
where H is the thickness of the slab (see Figure 1 ) and v 0 is a representative velocity, say
3)
The following non-dimensional counterpart of (1.1)
is evidently a continuous function of the pressure. However, the function in (3.4) is not differentiable in the classical sense, and we postpone to Appendix A the description of the numerical method.
D R A F T
It follows from (3.1)-(3.4) that (2.6) can be expressed as is a nondimensional number that is the ratio of the frictional effect due to drag (frictional effect between the fluid and the pores in the solid) to the frictional effect within the fluid due to viscosity. We shall also find it convenient to introduce two additional non-dimensional numbers
The non-dimensional forms of the traction boundary conditions are then
while the corresponding non-dimensional form of the no-slip boundary condition is
The domain and the boundary conditions for (3.5) that we shall work with are illustrated in Figure 2 .
Thus we solve (3.5) with the form forμ,ᾱ given by (3.4) subject to the boundary conditions (3.7) and (3.8).
Numerical results
The various parameters in the problem were chosen as follows: We let α 0 = µ 0 = 1 and set We shall find it convenient to representv as
A quantity of interest in this problem is the flux or flow rate obtained at the end of the slab that is open to the atmosphere, i.e., the side CD. We denote the non-dimensional flux byq, wherē
The system of (non-dimensionalized) partial differential equations (3.5) with the form forμ,ᾱ
given by (A.3) subject to the boundary conditions (3.7) and (3.8) was solved using a mixed finite element method, details of which are provided in the Appendix A.
The profiles ofV x andp at AB are shown in Figure 5 while the profiles at CD are shown in Figure 4 . The lack of smoothness near the corners is expected; there is an incompatibility at the corners due to the change from the specified value of traction at AB and CD to a no-slip boundary condition at BC and AD. One can also notice that the velocity for the constant viscosity case is almost 200 percent more than that for the variable viscosity case
The contours of velocity and pressure over the entire domain are indicated in Figure 3 . The contours ofV y indicate that unidirectional flow occurs only in a small region close to the middle of the slab. The pressure does not vary too much over the domain except for the occurrence of high pressures at some points close to the boundaries.
D R A F T
The variation of flux for different forcing pressures is shown in Figure 6 . This is of great import because one observes that a standard Brinkman model with constant viscosity grossly overpredicts the flux; by as much as almost 250 percent for a pressure difference across the slab equal to 499
(which occurs when P = 500); the over prediction increases nearly linearly as can be seen from the figure. Also, the figure indicates that for the value ofβ = 3.5 × 10 −3 , there is very negligible increase in the flux for forcing pressures P > 200 , that is there seems to be a ceiling flux as is to be expected on physical grounds. This is in direct contrast to the case where the viscosity is constant and the model predicts a flux that will increase continuously with increase in P .
Conclusions and future work
The physical problem that pertains to enhanced oil recovery or carbon sequestration has several features that demand study in order to develop numerical techniques that can tackle the exponential variation in the viscosity and "Drag coefficient" with respect to the pressure. The boundary value problem considered here was merely a first step in the direction of solving a boundary value problem on a realistic flow domain that corresponds to practical problems.
From the point of view of modeling the physical phenomena, there are several issues that cry out for attention. Prominent amongst these are the following facts that need to be addressed:
(1) We do not have a single fluid but rather a mixture of two fluids: steam and oil. Thus we need to develop models that can adequately capture the interaction between the constituents. A study similar to this for a mixture of two incompressible fluids would be a noteworthy first step in this direction.
(2) The porous solid in reality is not rigid, it deforms due to the flow of the fluid through it. As a first approximation one could model the solid as a linearized elastic solid and then study a boundary value problem. Of course the question of appropriate boundary conditions for such problems is of great interest in its own right.
(3) In general it might be necessary to take into account the fact that the fluid in question is shear thinning. This would lead both the viscosity and the drag coefficient to depend on the shear rate (or to be precise the second principal invariant of the symmetric part of the velocity gradient).
A long-term goal would be to eventually allow the solid to fracture due to the applied pressure and model the hydraulic fracturing of the linearized elastic solid due to flow of a mixture of fluids through it.
D R A F T Appendix A. Numerical Method
In this section we provide a short description of the finite element scheme that was used to obtain the numerical results.
Let Ω ⊂ R d be a non-dimensionalized open bounded domain, where d = 2, 3 is the number of spatial dimensions. The boundary ∂Ω is assumed to be Lipschitz continuous and is divided into two complementary parts Γ v ∩ Γ t = ∅ and Γ v ∪ Γ t = ∂Ω. The part Γ v is the part of the boundary on which the velocity is prescribed and is assumed to have non-zero measure while Γ t is the part of the boundary on which the tractiont is imposed.
In order to write equations (3.5) in a weaker form suitable for continuous finite element methods, we denote by L 2 (K) the space of square integrable function defined over
and
We are now in position to write a weak formulation of (3.
where the " · " denotes the standard inner product for vectors or tensors (that will be clear from the context). A corresponding conforming finite element formulation reads: Givent ∈ L 2 (Γ t ), find
and L 2 (Ω) respectively.
The inf-sup or LBB condition constrains the choice of the finite-dimensional spaces V h and Q h for finite element formulations (A.2) to be suitable approximations of (A.1). In particular, equal-order interpolation for both pressure and velocity are not suitable (see [43] ). Here the so-called TaylorHood combination is used. That is, after the domain is divided into a number of quadrilaterals when d = 2 or hexahedra when d = 3, on each element the pressure is approximated by a piecewise linear polynomial in each variable while the velocity is approximated by a piecewise quadratic polynomial in each variable, both approximations being globally continuous.
In this study, the rectangular domain was divided into 4 × 100 rectangles where the pressure was computed at the four corner nodes while the velocity was computed at nine nodes (four corners, four midpoints of sides, and the midpoint of diagonals). The mesh was made extremely fine (almost boundary condition.
The resulting system of non-linear algebraic equations was solved by using a Newton-Raphson iteration algorithm in conjunction with a line search as outlined in [44] . The solution toβ = 0 was provided as an initial guess forβ = 1 × 10 −3 and so on until the desired value ofβ was reached.
Note that the viscosityμ and dragᾱ given by (3.4) are continuous but not differentiable. Hence in our numerical scheme we approximate it by the smooth function where h min represents the length of the smallest element in the mesh.
In the limit of mesh refinement, lim 
